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ABSTRACT

This report describes the work and results on a learning program for
the numerical integration of systems of ordinary differential equations.
(This is a continuation of work described in Gallaher, L. J., et al,
"Study of the Methods for the Numerical Solution of Ordinary Differential
Equations,"”" Final Report Project A-831, Contract NAS8-2001k4, Engineering
Experiment Station, Georgia Institute of Technology, Atlanta, Georgia,
(1967).)

The computer program was designed to incorporate the following features:
a) meet a user specified accuracy, b) be problem independent (i.e. any
number or degree of coupled differential equations), c¢) be self optimizing
with respect to step size, order and integration methods used, d) exhibit
learning so as to use a Past performance history to determine methods and
orders to be used.

The integration methods used are: a) +the method of Adams, Bashforth
and Moulton, b) Butcher's formulas for the Stetter-Gragg-Bubcher method,
c) Cowell's method of Nth order differences, d) Shank's formulas for the
Runge-Kutta method.

The programs described here are written in both single (11 decimal
place) and double (22 decimal place) precision Algol for the B-5500.

An executive procedure acts in an administrative and bookkeeping capacity
for the various integration methods. This executive procedure keeps the
verformance histories according to problem types, determines performance
effectiveness of the methods and orders, and chooses those +to be used.
Several kinds of problems and a large range of accuracies were used

to exercise the program with the following results:
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A1l methods perform well with no method or order always being
eXceptionally superior to the others.

For different kinds of problems and accuracies different methods and
orders prove more effective.

Iearning takes place in a satisfactory manner.

The program makes an effective general library procedure for integrating

systems of ordinary differential equations.
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I. INTRODUCTION

The goal was set of writing a computer program for the integration
of systems of ordinary differential equations (initial value problems),
characterized by the following specifications:

a) The integration must meet a (user's) specified accuracy.

b) The procedure will be problem independent and applicable to
the integration of any degree or number of coupled differential equations.

c) The step size, order, and method of integration are to be
chosen by the procedure so as to be optimum; that is, to minimize the
computation time while meeting the accuracy requirements.

d) The procedure will have built-in learning so that it can use
its experience from one call to the next to decide on the method and
order to be used. The procedure will be self-modifying.

In previous work under this contract [11, 21 ] a program attempting
to meet these specifications was written in singleeprecision (11 decimal
place) B=5500 ALGOL. Evaluation of this program indicated a high degree
of success and encouraged further work along this line. This report
describes the extensions and improvements in this program and further
evaluation of the effectiveness of this approach to integrating differential
equations,

Several major extensions and some minor changes were made in the
program described in [21 ]. One change was the introduction of problem
classification by the program and the maintenance of separate histories
for each problem type. Another was the extension of the program to doublee
precision arithmetic (22 decimal places). This made possible the effective
use of highereorder methods at smaller error tolerances. Both single and
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double-precision programs are described here.
The methods used are as follows:
(1) The Adams-Bashforth-Moulton method,
(2) The Stetter-Gragg-Butcher method,
(5) Cowell's method of constant Nth order differences,
(4) The Runge-Kutta-Shanks method.

With each of these methods, four different orders are used. A
history file is kept showing the past performance scores of each method
and order by problem type and is used to select which methods and orders
are to be employed.

The program works in the following way. When a call is made on
the integration procedure, the first part of the interval is integrated by
one methed for each of two different orders, and the times taken by each
recorded. A second ﬁart is integrated by anct her method, also for two
different orders, and the times recorded. The winners then compete against
each other over another part of the interval. That is, the faster order
of the first method and the faster order of the second method are both
used to integrate the next part of the interval, and the times teken by
each recorded. The faster method of these two is then presumably the best
(fastest) of the four tried, and it is used alone to integrate over the
final portion of the interval., All of the times measured above are then
logged in a cumulative history file, according to problem type with the
winners and losers noted.

These history files are used as the basis for selecting which methods
and orders are chosen each time.

The first of the two methods is chosen at random (using a random
nuwber generator) from among the three most effective available. The

second method 1s chosen to be the method showing the best history of success
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among the other methods, with the cumulative history file for that problem
type used to determine the degree of success. Then within each method

the same kind of selection process with respect to orders is used. That
is, the first order is chosen at random from the three most effective

and the second order is chosen on the basis of which of the others has
been the most successful (fastest running) order of that method. Thus

it is seen tlat the past performance of the different methods and orders
influences the choice of which are allowed to compete, such that the more
successful have a higher probability of being selected.

In using time as the sole estimate of performance efficiency, it is
assumed that all orders and methods have satisfactorily met the accuracy
requirements. The accuracy requirements of each method are met by
controlling step size and meking error estimates at each step. The method
of error estimate is different for the different methods. In the Runge-Kutta
single step method, the error is estimated by taking two half steps and
then a whole step. In the Adams and Butcher methods the difference
between predictor and corrector 1s used. In the Cowell method a mid-range
formula is used.

One further feature introduced into the learning process is the
gradual "forgetting" of events in the more distant past. This causes
the events in the distant past to have less influence than those more
recent in determining the score or performance figure of an order and
method.

Three types of problems were used to exercise the integration
procedures:

First, the Arenstorf type orbits of the restricted three-body

problem (four equations).



Second, the system of linear differential equations associated
with the Fourier transforms (20 to 40 equations).

Third, the system of linear differential equations obtained
from a discretization of the partial differential equation for the
vibrating string (50 to 100 equations).

The first of these is characterized by the necessity of frequent stepe
size change. The other two have no need for stepssize change once the
correct step is found.

Results of running with a variety of accuracies and problems
mentioned above show that no particular method is exceptionally superior
to any other. All methods performed well and, for different problem
types, different methods show up more successfully. For example, the
Runge-Kutta method was most successful at large error tolerances where
frequent step size changes were required, but the multistep methods
performed better where long runs of uniform step size were appropriate
and for small error tolerances.

For accuraciles obtainable in single precision the lower orders were
more effective and,at the high accuracies (small error tolerances)
obtainable in double precision, the higher orders were more effective.
For a given accuracy one particular method and order usually dominated,
but which one depended on the accuracy asked and on the problem type.

The results Justify the conclusion tlat the present program would
be suitable and effective as general library programs for int egrating

systems of differential equations.



II. INTEGRATION METHODS

A. The Method of Adams, Bashforth and Moulton

1. Description of the Method

The method investigated consists of the combination of two different
versions of the method of Adams into a predictor-corrector system [5]. The
use of this system to obtain numerical solutions to a set of simultaneous
differential equations with given initial conditiocns 1s independent both of
the number of equations in the set to be solved and of the orders of the
individual equations in the set; provided, however, that each equation of
order m is expressed as a set of m coupled first order equations.

In general then, one deals with the system of equations
—, _ da - — —
Y (X) == y(X) = f(X:Y<X>)) (l’l)

where ;‘; §Z and ? are vectors, each having a number of components, N, equal
k
to ZJmi, where k is the number of eguations in the set to be solved, and the

i=1
mi are their individual orders.
This vector differential equation is equivalent to the integral

equation
X+h
v(x+h) = y(x) + j F(t,7(t))at. (1-2)

X

At the point x = Xq = X + h, this integral is approximated first by

q-1
g-1
= + h f 1‘33
Yq Yq-1 ) Pa-1,0-1-u (1-32)
w=0



and then repeatedly by

N = hp f x x + h +
7q P10 £y (x)) Z Pasa-u Tu T Ya2
u_
* o —
= hp f(v) + C, v=0,1, 2, « . . (1-3b)
q,0

Formula (1-3a) is called
the Adams-Bashforth predictor equation, and formula (1-3b) is the Adams-
Moulton corrector.

The coefficients qu and B:p are derived by the equivalent of
integrating Lagrangian polynomials fitted to EZ but are independent of

both f and h. The polynomial for the predictor is of degree -1 passing

through the qﬂpointsrf6, fi, . e e Eé-l’ while that for the corrector is

of degree g passing through the g+l points fb, fl, o o ey ?&.

—

An explicit formula for the qu

— - P p <p+l> + e o » F+ q)} q=O,l,2,...
E’qp_(l){(p)var A <p W op=0,1,...4

where the <?:i> represent binomial coefficients and the Yp are found by the

I

recursion relation

——— = = 2, o o s
'\(p+l/2 Yp-l+"'+p+l Yo 1, p =0, 1, 2
*
An explicit formula for the qu is
* * +1N\ * g ) ¥ qg=0,1, 2, . .
P M -+ ()
qu' (-1) p Yp+ P 'YP'*'l p YQ;’ p =0, 1, « - o

*
1 and Yp = 'Yp - ‘Yp—l’ p=1,2, 3

i

]

where v



Bounds on the errors for the two approximations are the maximums

within the interval [xo,xq] of

ypdtl gt 3 (for Adams-Bashforth)  (L-ha)

and of

* g+2 g+2 =
v lh d v
a+ 3272 (for Adams-Moulton) (1=kb)

and M, the order of the predictor-corrector system, is assumed to approximate
that of the corrector, which is g + 1.

2. The Computer Procedure

Two computer procedures have been written to implement the Adams
method, a single-precision version named ADAMS and a double~precision version
named DADAMS. Only DADAMS will be described here. A description of procedure
ADAMS can be found in [21].

Procedure DADAMS is written to be included in programs written
in double precision for the Burroughs B~5500 computer. The language is
Algol 60 augmented by additional features available in the Algol compiler
for the B~5500. There are no unusual hardware requirements because all
input and output to the procedure is under control of the including program
through the formal parameter list. All variables not in the formal parameter

list are local to the procedure, and no files are used by the procedure.



2.1 Parameters and Variables

The following lists of formal parameters and local variables will

be useful in describing the operation of procedure DADAMS. In the remainder

of this discussion the interchange of upper and lower case letfers, necessitated

by approximating the notation of [5] within the limited character set available

to a computer, is straight-forward and will be done freely without further

comment. For double-precision variables the identifier for only the most

significant portion is given.

The identifier for the least significant

portion is the same, followed by an "L".

Identifier

N

XTI

LF

X
EA
ER

ADAMSCOEFF

Type

Integer
Double
Real

Double
Real

Double
Real Array

Procedure
Real

Integer

Real
Real Array
Real Ar;ay

Double
Real Array

Formal Parameters

Usage or Meaning

The number of components in the vectors 52
EA, and ER.

Initial value of the independent variable.

Final value of the independent variable.

Current dependent variable vector. Contains

initial values at entry and final values at exit.
. — —_

Calculates the vector f(x,y(x)).

Power of Cl used in error control.

b d

Number of back f points used in the approximating
polynomials. One less than M, the order of the
method. '

Upper bound on the initial step size.

Absolute error bound vector.

Relative error bound vector.

. * *
Contains the qu, the qu’ and {1 - Yq+l/yq+l



RKSFNEVAL

RKEORDER

RKSCOEFF

DSTART

D3

&

UEB

Integer

Integer

Double
Real Array

Integer
Procedure

Procedure

Boolean

Function evaluations per step for procedures
DSTART and DSHANKS .

Order of R.K.S. method to be used by DSTART
and DSHANKS.

Coefficients for DSTART and DSHANKS.

See the

descriptions of DSTART and DSHANKS elsewhere
in this report for details.

Gives the necessary points for starting and

restarting.

Name contains the factor by which

Cl is multiplied to coordinate step size
between DSTART and DADAMS.

Used to complete fractional steps at the ends
of intervals.

True if the upper error bounds are to be used

for corrector iteration control.

False if the

lower error bounds are to be used.

The procedures DSTART, DSHANKS, and F, as well as the coefficient

arrays ADAMSCOEFF and RKSCOEFTF, are not a part of the procedure DADAMS and

must be included separately in all programs using DADAMS (see 2.2 and 2.3).

Tdentifier

X

INTERV

Cl

c2

GR

Type

Double
Real

Double
Real

Integer

Double
Real

Double
Real

Real

Iocal Variables

Usage Or Meaning

xq, current value of the independent variable.

X ~ XI, the interval of integration.

Two to an integer power.

Determines H.

INTERV / Cl, tne current step size.

Number of steps of size H remaining from X to XF.

1 -

/ *
Vg+1/ Yg+1

» used with CHANGE and ERROR.
(Has a dummy lower half in
ADAMSCOEFFL).



CHANGE

ERROR

NU

YC

Real

Real

Double
Real Array

Double
Real Array

Double
Real Array

Double
Real Array

Double
Real Array

Controls the number of iterations of the
corrector equation. (Has a dummy lower half).

Controls the error and rumning time through
the step size. (Has a dummy lower half).

Holds the successive vectors fév) of (1-3b).

F history vector. Contains 29-1 back points for
each of the N components of f (Two dimensions).
Predicted 5& vector, ;(p)’ the yéo) of (1-3a).

Corrected 5; vector, 5(0), the ;év+l)of (1-3b).

Constant part of y vl) for all v, the C of (1-3b).

-
A1l local arrays are dynamic with respect to N and Q and the FH

vector array is indexed cycliecally to avoid moving large numbers of components.

For further details consult the flow diagram and the listing of procedure

DADAMS following this discussion.

2.2 The I Procedure

A procedure for calculating the vector y = T(x,y(x)) must be included

global to a call for procedure DADAMS for each set of differential equations

to be solved by a program using DADAMS. This procedure is called by DADAMS

as the formal parameter F and must itself have the following formal parameter

list:

TIdentifier

N

X

Type

Integer

Double
Real

Double
Real Array

Double
Real Array

Usage or Meaning

- -
Number of components in the vectors YV and FV.

Current value of the independent variable.
Current dependent variable vector (input).
F value vector (output).

10



N amd X may be called by value. The arrays YV and FV are one-

dimensional starting at zero and must be called by name.

2.3 Orders Available

Procedure DADAMS is written to be completely general with regard
to order, and any order may be used i1f the necessary coefficients are placed
ir. the ADAMSCOEFF array. For a given order M = q + 1, there are 29 + 2 = 2M
coefficients which should appear in the array beginning at position zero in

the following order:

. * *
Pa-1,q-17 Bq—l,q-ﬁ’ v Bq-l,0’ Bq;q’ B-ac;,q-l’ D Bq,O’ l‘Yq+l/\(<1+l

2.4 Starting an Integration

Since the Adams wmethod is a multistep method, it cannot start itself
but must rely on a starting procedure that will supply a current ; voint and
at least g-1 Fjpoints which, together with a given initial fepoint, comprise
a history upon which it can build. The starting procedure used here is the
Runge-Kutta-Shanks procedure DSTART, described elsewhere in this report. The
number of function evaluations per step and the order of Runge-Kutta-Shanks
methiod used by DSTART may be varied at will by the user through the formal
parzmeters of T'ADAMS. This allows achievement of optimum compatibility with
the order of Adams method being used for each given set of differentisl
equations being solved.

Initial step size 1s determined by the formal parameter IX. The
initial trial start will be made with a step H = INTERV / Cl, where C1 is
set to the smallest integer power of two such that ’H!gl'DXl and

IH(§¢ INTERVI/Q. This causes procedure DADAMS to take at least one step

11



after starting regardless of the magnitude of DX. If procedure DSTART
cannot meet the error requirements at the initial H, it doubles Cl

repeatedly until these requirements can be met.

2.5 Error Estimstes and Step Size Control

To minimize running time without introducing errors intolerably
large, the error in each component of the final f vector is controlled
through the use of the formal parameters ﬁA and ﬁﬁ. EA specifies the
maximum allowable absolute magnitude of the error in each component of §Z
and ﬁ% specifies the maximum allowable relative magnitude. These two
error control vectors are used in conjunction with the gquantity
l-yq/ Y:+l

meter P, chosen from the interval [1/2, 1] by empirical determination of

GR = , which is derived from the bounds. (1-4), and a para-

the randomness of the round-off error in a particular set of differential
equations. (P = 1/2 corresponds to totally random error and P = 1 corre-
sponds to totally additive linear error). In practice Yq+1 has been used

in GR instead of Yq to be conservative because the quantity being controlled
is only an estimate of the true error.

All control of corrector iterations and step size is done in single
precision using the most significant portion of the variables. To make a
trial step, procedure DADAMS increases X by the current H and calculates
;(p), the §§o) of (1-3a), together with the € of (1-3b). It then calculates
.}g?) = §(X,§KP)> and §(C), the yév+l) of (1-3b).

At each corrector iteration, v, the vector CHA&GE = ;(v+l) - §(V)

is tested in one of two ways according to the setting of the Boolean parameter

UEB. When UEB is true, if every component of CHKNGE is less than the corre-

® ® - B d ={c
sponding component of either A gR or EE—%E . y(c) 5 then f(v) and y( )
Ccl (oX N

12



are retained and the corrector iterations are terminated. When UEB is

—
false every component of CHANGE must be smaller than the corresponding

FA +GR | ER-0R 2(v)

—m——er | O . before ?<V)
c1F .24 caF .29

component of either

>(c)

and y are accepted as final. For elther setting of UEB, if any com-

and

ponent of CHANGE fails to meet the proper criterion, a new f V), 5(03,

CHANGE are computed and the test is then repeated. Whenever UEB is true
the retained §(V) and §(C) are corrected one additional time before the

vector ERﬁbR is formed.

The estimated error vector ERROR is defined to be ;(c) - §(P) .

If any component of ERﬁbR is larger than the corresponding components of

both EA'SR EE;%B . §(c)
. c1 c1

f points and a new current y are obtained from procedure DSTART. If it is

(c)

and

, the step size 1s halved and g-1 new

not necessary to halve the step size, ; becomes the new y.- If every

—

component of ERROR is smaller for three consecutive steps than the cor-

responding components of both EA-GR and ER'GR___ . 5{0) , then if
1. 29 caf .4

—

there are at least 2g-1 back points in the FH vector and there are at least
two more steps of the current size necessary to reach XF, the step size is
doubled before the next trial step. If it is not necessary either to halve

or to double the step size, X is increased by H and a new trial step is made.

2.6 Finishing an Integration

Procedure DADAMS continues as described until XF is reached unless
repeated halvings and doublings of the step size bring the independent vari-
able to within a fraction of a single step of XF. When this occurs the
fractional step is completed by the Runge-Kutta-Shanks procedure DSHANKS,

described elsewhere in this report. The order of Runge-Kutta-Shanks method

13



and the number of function evaluations per step used here will be the

same for a given integration as those used by procedure DSTART.

3. Flow Diagram and Program Listing

Figure 1 is the flow diagram for the method of Adams, Bashforth

and Moulton. The program listing follows at the end of this section.

k., Results and Conclusions

The two methods of corrector iteration control included in DADAMS
were selected from a set of ten on the basis of results of a small number
of test cases. Performance of these two methods was then compared 1in a
large number of cases involving four different sets of eguations, wvalues
of q between 10 and 15, and accuracies asked between lO—:LO and 10_20.
Several fairly clear results were obtained.

(1) The step size controls always produced at least the accuracy
asked, using both methods of iteration control, except with one set of
equations believed to have extremely additive nonlinear error buildup.
With this set of equations it was necessary to request from 1.3 to 16.3
times (not decades) the accuracy desired throughout the range obtainable,
even with the parameter p set at one. To obtain these results it was
necessary to choose a reasonable value of p (p > 1/2) and a reasonable
error to control (relative error for rapidly increasing integrals and
absolute error for rapidly decreasing integrals).

(2) When plotted on double log paper, accuracy obtained vs
accuracy asked was slightly erratic but roughly parallel to the h5o

reference line across many decades for all cases plotted.
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(3) Except for a small percentage of cases distributed mostly
at random, the values of the parameters for procedure DSTART which resulted
in the least function evaluations to obtain a given accuracy were RKSORDER
= 7 and RKSFNEVAL = 9; however, the values RKSORDER = 8 and RKSFNEVAL = 12 did
produce greater efficiency at an accuracy asked of 10—20 for all values of
¢ on one rapidly decreasing integral.

(4) The values of g giving the greatest accuracy obtained for a
given number of function evaluations on all sets of equations tested were
10, 11, and occasionally 12. Higher ¢' s were always less efficient.

(5) Plots of function evaluations agaiﬁst accuracy obtained
showed little difference between the two methods of corrector iteration
control on two sets of equations. (On a third set of equations one method
of control showed & much steeper slope than the other for each value of q,
giving it a higher efficiency at lower accuracies and a lower efficiency
at higher accuracies. On the fourth set of equations this phenomonen
reappeared, but in this case the opposite method had the steeper slope.

In each of these cases the absolute error was being controlled. There was
alzo some crossing of the functions vs accuracy plots for different values
cf g for each method of iteration control on both sets of equations.

Users preparing to run a large number of cases with a single set
of equations should often find it helpful to plot the results of methodical
variations in the parameters of DADAMS. The results reported here did not
appear upon examination of the table of test cases used to select the two
methods of corrector iteration control, but emerged only after the plotting

of a large number of cases run for evaluation of the two methods chosen.
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Repeated step size expansions and contractions by over 1000 to 1 occurred

on one set of equations and it is probable that for many sets of equations

slight changes in control logic can produce considerable changes in

efficiency.
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B. The Method of Stetter, Gragg, and Butcher

l. Description of the Method

The method of Stetter, Gragg, and Butcher, abbreviated Butcher's
method in this report, is a multistep predictor-corrector method for the

numerical solution of the first-order vector differential equation

V) = 5 V) = B i), Fx) = 7 (1-1)

A complete derivation and description of Butcher's method can be
found in [13] and [21]; only the essential formulas are included here.
The following notation is adopted. Iet k be a positive integer,

h be the step size (assumed to be constant over some set of calculations),

X =X

L =Xy *tnh, Yy, o= y(xn), and f =T (x> yh)-

Butcher's method consists of two predictor and one corrector formulas.

The first predictor formula is
k k
ZA y .+h YB, T (1-2)
Mm-o T L7 Yn-g L3 faeyv
J=1 J=1

the second predictor formuls is

k k
Yo 7 E; &5 Vo5 7 bbbt gth E_bj f'n-,j ? (1-3)
j=l j:l
and the corrector formula is
k k
Yp =) % Ypoyt b (B Th-o ™ Bo ﬁa) +h zJBj ey - (1-4)
J=1 3=1
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The predictor formula (1-2) gives §;_9 in terms of the y values

and the function values at the k points previous to x ; for O<e<l, 5;_9

is the value at a point between X 1 and X o The predictor formula (1-3)

gives 5; in terms of the y values and the function values at the previous
k points as well as the function value E;_e. The corrector formula (1-4)
gives 5; in terms of the y values and the function values at the previous

k points as well as the function values in- and the function value f;

é
obtained from the 5; predicted by (1-3). Stable formulas (in the sense
of Dahlquist [ 3], [k4]) exist for 1<k<T; the corrector is of order 2k + 1
in these formulas. The coefficients for 1<k<3, 6 = 1/2, and for L<k<6,
0 = 1/3, are given in [13].

For k¥ = 1, Butcher's method is self-starting, for only iﬁ_l and

n-1
that the values

F are needed to apply (1-2). For k>1, however, it must be assumed

-k

. . .k
'§ . and {? o
EA o S

have been obtained from some starting procedure or from previous calculations.
(1-2) is applied to obtain §£—e’ and Eﬁ-a is then calculated. (1-3) is next
applied to obtain §£, and f£ is then calculated. Finally, (1-L4) is applied once
to obtain §;. The predicted value of ;Q, obtained from (1-3), is compared with
the corrected value of §£’ obtained from (1-4). If the two values are in
sufficient agreement, the step is accepted; if not, the step is rejected.

Note that the corrector (1-4) is only applied once; repeated application

of this corrector leads to less rather than more accurscy.
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2. The Computer Program

The Butcher computer program is a Burroughs B-5500 ALGOL double-

precision procedure whose declaration is as follows:

procedure butcher (n, xi, xil, xf, xfl, y, yl, f, ea, er, p, dx,rksfn,

rksorder, rkscoeff, rkscoeffl, boogerfactor, Kk,
butchercoeff, butchercoeffl, start, dshanks);

value n, xi, xil, xf, xfl, p, dx, rksfn, rksorder, k;

integer n, vksfn, rksorder, k;

real xi, xil, xf, xfl, p, dx, boogerfactor;

real array y, yl, ea, er, rkscoeff, rkscoeffl, butchercoeff,

butchercoeffl [0];

procedure f, dshanks;

integer procedure start;

The parameters of the procedure are defined as follows:

n - the number of dependent varisbles in the vectors y and T

xi, xil - the high and low halves, respectively, of XO’ the starting
value of the independent variable x

xf, xfl - the high and low halves, respectively, of the final value of
the independent variable x

Y, ¥yl - the arrays in which are located the high and low halves, respectively,
of ;6 = 5353, xil) upon entry and of §¥§E>§fi) upon exit

f - the double-precision procedure which computes F = F(x,7)

ea - the array containing the absolute error vector
er - the array containing the relative error vector
P - the exponent used in step-size control

dx - the suggested initial step- size
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rksfn -~ the number of function evaluations used in the Runge-Kutta-
Shanks starting and closing procedure
rksorder -~ the order of the Runge-Kutta-Shanks closing procedure

rkscoeff, rkscoeffl - the arrays containing the high and low halves,

respectively, of the Runge-Kutta-Shanks coefficlents for the starting and
closing procedures

boogerfactor - a fudge factor used in stepesize control

k - the integer used in describing Butcher's method

butchercoeff, butchercoeffl - the arrays containing the high and low

halves, respectively, of the Butcher coefficients

start - the double-precision starting procedure

dshanks - the double- precision closing procedure

The procedure performs the numerical integration of (1-1) in double
precision from x = xi to x = xf (For the convenience of description, the low
half of a variable is often not méntioned.). The step size h used is always
the length of the interval xf - xi divided by a power of 2., In order to avoid
error build-up in the independent variable two counters, cl and c2, are kept.
cl is always a positive, integral power of 2, and h = (xf - §1)/3;. c2 is the
number of steps necessary to step from the present value of x to xf using the
current step size h. Initially, ¢2 =cl; as each step is taken C2 is decremented
by one and the present value of ¥ is computed by x = Xf - hec2. If h is halved,
gl and c2 are doubled; if h is doubled, cl and c2 are halved. Hence c2 need
not be integra;.

The error vectors é; and g}, like 53 have n components. (Although the

base of the arrays y, yl, ea, and er 1s zero, the n components are placed
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in positions 1, 2, . . ., n of the arrays.) The procedure's error control
attempts to guarantee that, in integrating from xi to xf, each component of
?'will not be in absolute error more than the corresponding component of éé
and will not be in relative error more than the corfesponding component of
é}. At each step, the procedure requires that for each 1, l<i<mn, either the
absolute error in y [i] does not exceed ea [i}/(ggg) or the relative error in
y [i] does not exceed er [i]/(g}?).

IfT p=1and é; = O then the accumulated error in any component of ;
cannot exceed the corresponding component of é;, If the error is assumed to
accumulate randomly as the square root of the number of steps, p = 1/2 and
é} = 0 will cause the accumulated error in any component of §'to be approximately
the corresponding component of é;°

If p =1 and é; = O then the accumulated error in any component of §
canmot exceed the corresponding component of é} times the largest value
assumed by that component of § during the integration. If the error is
assumed to accumulate randomly as the square root of the number of steps,

p = 1/2 and é; = 0 will cause the accumulsted error in any component of §'to
be approximately the corresponding component of ;} times some average value
assumed by that component of ; during the integration.

The procedure f which computes F=F (x,§) has the following declarstion:

procedure f (n, x, x1, yv, yvl, fv, fvl);

value n;

integer n;

real X, x1;

real array yv, yvli, fv, fvl [0];
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The parameters of the procedure f are defined as follows:

n - the number of dependent variables in the vectors ﬁ and T

X - the value of the independent variable

yv, vyl - the arrays in which the high and low halves, respectively,
of y are stored

fv, fvl - the array in which the high and low halves, respectively,
of ¥ are stored after computation.

The procedure start is the double-precision general multistep method
starting procedure described in paragraph E of this chapter. The procedure
dshanks is the double-precision Runge-Kutta-Shanks integration procedure
described in paragraph D of thils chapter. The coefficient arrays rkscoeff
and rkscoeffl contain the high and low halves, respectively, of the Runge-
Kutta-Shanks coefficients in the order required by the procedure start and
dshanks. The number of function evaluations rksfn is required by both start
and dshanks; the order rksorder is required by dshanks.

The fudge factor boogerfactor, called § for the remainder of this section,

is necessary to make the difference between the predicted and corrected values
of ?ﬁ a better estimate of the error at each step. The computed estimate,
before division by g, is far larger than the actual step error.

The array butchercoeff contains the high halves of the coefficients of

(1-2), (1-3), and (1-4) in the order Al, Bl’ aps bl, apr By oo s Ak’ B,
ak, bk’ 4 2 Bk’ b, B, 8o Al is in the zero position of the array. The array

butchercoeffl contains the low halves in the same order.

The suggested initial step size dx is optional. The procedure first sets

¢l=2 and doubles cl until c_:_];,?k-l. If dx =0 or dx 30 and h¥ | _o't_)g‘ then cl is
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left alone. Otherwise, ¢l is doubled until h® |dx |.

The integration now begins.

fO: f(xo,y )

is computed. The start procedure is called to obtain

{f }1 =1, {y }1*1 , and X g -

cl and c2 are adjusted if h was changed by the start procedure. c2 is
decremented by k-1 since k-1 steps took place in the start procedure. If
SESl, closing takes place. Otherwise n is set equal to k. Then the following
sequence takes place.

(1-2) is used to compute §£—95 from this E£—6 is computed.
Then (1—5) is used to predict ;;; from this En is computed. Finally,
(1-4) is used to correct §n' Let v be the vector which is the difference
between the predicted value of §£ and the corrected value of ;;;'; is used
as a measure of the accuracy of the step.

First, each component of ; is compared with the corresponding component

gzu

of g- ea/(cl ) for absolute error and with the corresponding component

2 (1R, 2Kty L .
of grer/(cl=.2 ) times the corresponding component of the corrected wvalue
of ;ﬁ for relative error. If no component of ¥ exceeds either the absolute
or the relative error test, the present step size is considered too small and
doubling is called for. If some component of v exceeds either the absolute or

the relative error test, this component and all remaining components are

compared with the corresponding component of 5eéé/9§? for absolute error
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and with the corresponding component of 6°é}/g§B times the corresponding
component of the corrected value of §; for relative error. If no component
of ; exceeds either this absolute or this relative error test, the present
step size is considered adequate. If some component of ; exceeds either
this absolute or this relative error test, the present step size is con-
sidered too large and halving is called for.

If doubling is called for during three consecutive steps and 1f sufficient
history (2k51 points) is available with the present step size, the step is
considered accepted, c2 is decremented, the corrected value of iﬁ is used to
compute §£ = f(xn, §£), cl and c2 are halved, and the step size h is doubled.

If c2<1, closing takes place; otherwise

- T kel
Vi fi-o
becomes
(= “k-1
n-crsorer fizo
%1 Ji-o
becomes
7 “k-1
Pn-oxsere1 fi-0
Xk-l becones Xn’ and n is set equal to k. Then control returns to the

point at which (1-2) is used to compute ;5_9

If the present step size is considered adequate, or if doubling is called
for without being- called for during three consecutive steps or with insufficient
history available, the step is considered accepted, c2 is decremented, and the
corrected value of ;ﬁ is used to compute En = §(Xn’ §;)o If c2<1 closing takes
place; otherwise n is set equal to n+l and control returns to the point at

which (1-2) is used to compute 55—6
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If halving is called for, the step is rejected, cl and c2 are doubled,
and the step size h is halved. If c2<k-1, closing takes place; otherwise
X becomes X1 §% becomes §;-l’ ?é becomes Fh—l’ and control returns_to
the point at which the start procedure is called.

Closing takes place whenever the next step using the formulas (1-2),

(1-3) and (1-4) or the next k-1 steps using the start procedure would carry

the integration beyond xf  If c2>0, the Runge-Kutta-Sharks procedure is

used to integrate from the present value of x to xf; if ¢2 = 0, the integration
is already complete.

Several efficiency measures are employed in the program. First, the
coefficients {?j ?:1 ) {bj }§=l 5 {Bj }?zov, b, and B are multiplied by
the step size h and stored as multiplied until the step size changes.

22k+Ll-) 2k+LI-), 6'6&/9_}_‘?‘ ,

Second, the vectors 6-g;/(g}£ . ) 6'é}/(gl£ .2
and 6‘é}/9;£ are calculated from 6, é;, and er and stored

as calculated untii the step size (and g}) changes. Third, cyclic indexing
is used to avoid moving the §'value and function value histories after

each step or set of steps unless doubling takes place.

3. Flow Diagram and Program Listing

Figure 2 is the flow diagram for Butcher's method. The program

listing follows at the end of this section.

4, Results and Conclusions

Butcher's method reguires three function evaluations per accepted
step; this would seem to make it inferior to Adams' or Cowell's method, either

of which often runs for large numbers of steps using two function evaluations
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(one for the predictor and one for the corrector) per accepted step.

However, the step size required by Butcher's method is usually considerably
larger than that required by Adams' or Cowell's method for the same accuracy;
hence Butcher's method takes less steps, and the number of function evaluations
required by all three multistep methods is approximately the same for a given
accuracy»

Butcher's method gains in order of accuracy for a given number of
history points on which the next computed value is based. The price paid,
however, is in the need to use ; history as well as ?rhistory. The total
number of terms in each of the sums (1-2), (1-3), and (1-4) is comparable
to those used in the other multistep methods for the same order of accuracy.
From this standpoint, it is not clear why Butcher's method takes larger steps
than the other multistep methods.

The corrector (1-4) can only be applied once. The other multistep
correctors can be repeatedly applied for some gain in accuracy without
step-size change. From this point of view, perhaps it is not unusual that
Butcher's method takes larger steps than the other multistep methods for
a given accuracys. A method which is designed»to use the corrector only once
should produce the same accuracy as a method which allows repeated corrector
iteration; however, the need of repeated corrector iteration usually indicates
the need of a smaller step size.

The stepesize control employed in this program seems also to reflect
the fact that the corrector cannot be iterated. The difference between
predicted and corrected values is used as an estimate of error at each step;

this has been used with considersble success in Adams' method. However,
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results obtained from the restricted three-body orbits show that this
measure is not an entirely reliable one for Butcher's method. No one
fudge factor § was found to be satisfactory for all values of k; moreover,
for a given k, no value of § was found to be satisfactory for all accuracies.
For each order the optimum value of § increased as higher accuracies were
asked; for each accuracy the optimum value of & was somewhat higher for larger
values of k>2. For k=1, the program's step size control was entirely
unsatisfactory, this value of k produces a third order Runge-Kutta type
formula, where the predicted value is like one of the intermediate
calculagtions and which does not bear too much resemblance to the final
computed value.

The decaying exponential gave interesting results with Butcher's
method. The number of function evaluations wasa:linear function of error
obtained right up to the limits of the machine's accuracy. There was no
splitting into branches, as shown by the corresponding results obtained by
Cowell's method; this could well be due to the fact that Butcher's method
allows only one corrector application and requires a decrease in step size

if one application is not sufficient.
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C. The Cowell Method

1. Description of the Method

Cowell's method as described herein is a multistep predictor-corrector
method for the numerical solution of the first-order vector differential

equation

Fx) = = V) = F (x5 5(2), T (xg) = T (1-1)

A completion derivation and description of Cowell's method can be found
in [7] and [9]; only the essential formulas are included here.
The following notation is adopted. ILet g be an even positive integer,

m = q/2, h be the step size (assumed to be constant over some set of calculations),

— — — —
X =Xy+nh y =y (xn), and £ = f (xn, yn)°

The predictor formuls is

q
4 -
o - n [st fno1/2 ijijlJ] (1-2)
The corrector formula is
y, =n [67 Zij, (1-3)
J=
and the mid-range formula 1s
7 5t + -
e n 6 z ()

The predictor formula gives 5' in terms of & and the function values
n

n-1/2

k3



at the previous q+l points; the corrector formula gives a new value of
- -12 - .
y, in terms of § fn-l/2’ the old value of yh, and the function values at

the previous q points; the mid-range formula gives a value of ;ﬁ in terms

-1

) fn— /2 and the function values at the g+l consecutive points centered

1

around X .
n

The equation

-] -1 —
8 Thje =0 Thalafe T (1-5)

completes the set of formulas necessary for the numerical solution of (1-1).

If it is assumed that

-

20 q
Wil 10 amd ¥y

have been obtained by some starting procedure, the mid-range formula (1-4)
can be applied with 1 = m to obtain

-1
6 fm-l/2 °
Equation (1-5) can then be applied m times to obtain

-]

6t 1/

For each positive integer i

=1
8 fyyi-1/o

can be computed from
-1

8 fyyi-1-1/2

Ly



and T 4.1 using (1-5); v can be computed using the predictor (1-2);

g-+i

fq+i can be computed from the predicted value; §A+i can be computed using the

corrector (1-3); 7

g+ can be computed from the corrected value; if necessary,

iteration can be resorted to, using (1-3), until the last two computed values

—

of y

g+ agree to sufficient accuracy. For any j > m a value of ; can be

gq+j-m

obtained from the mid-range formula (1-4) and compared with the value obtained

from the predictor-corrector step. If the two values of §;+jdm are in sufficient

agreement, the values up throu - . are considered acceptable; if not ¥ .
g ; p & Vyyg P ; > Yg4s5-m

is considered the last acceptable value and all values beyond are rejected.
Hence, the knowledge of (1-2), (1-3), (1-4), and (1-5) is sufficient to
apply Cowell's method in the mumerical solution of (1-1). The coefficients

o td Jasd T : : A _
tij 3=07 ipjf 3=0 7 and TMjf jop are glven in [ 1 forq-=»L4, 6, 8, 10, 12,

14, and 16.

2. The Computer Program

The Cowell computer program is a Burroughs B~5500 ALGOL double-precision
procedure whose declaration is as follows:

procedure cowell (n, xi, xii, xf, xf1, y, y1, £, ea, er, p, dx, rksfn,
rksorder, rkscoeff, rkscoeffl, ¢, cowellcoeff,
cowellcoeffl, start, dshanks);

value n, xi, xil, xf, xfl, p, dx, rksfn, rksorder, q;

integer n, rksfn, rksorder, q;

regl xi, xil, xf, xfl, p, dx;

real array y, yl, ea, er, rkscoeff, rkscoeffl, cowellcoeff, cowellcoeffl [0];

procedure f, dshanks;

integer procedure start;

L5



The parameters of the procedure are defined as follows:
n - the number of dependent variables in the vectors §?and F

Xi, xil - the high and low halves, respectively, of x_., the starting

0

value of the independent variable x

xf, xfl - the high and low halves, respectively, of the final value of
the independent variable x

¥, ¥yl - the arrays in which are located the high and low halves, respectively,
of ;6 = ; (xi, xi1) upon entry and of ; (x£, xfl) upon exit

f - the double procedure which computes F = ; (x,?)

- the array containing the absolute error vector

|8

®

r - the array containing the relative error vector

- the exponent used in stepesize control

ged

dx - the suggested initial step size
rksfn - the number of function evaluations used in the Runge-Kutta-Shanks
starting and closing procedures

rksorder - the order of the Runge-Kutta=-Shanks closing procedure

rkscoeff, rkscoeffl -~ the arrays containing the high and low halves,
respectively, of the Runge-Kutta-Shanks coefficients for the starting and
closing procedures

g - the even integer usedvin describing Cowell's method

cowellcoeff, cowellcoeffl - the arrays containing the high and low halves,

respectively, of the Cowell coefficients
start - the double-precision starting procedure

dshanks ~ the double-precision closing procedure



The procedure performs the numerical integration of (1-1) in double
precision from x = xi to x = xf. (For convenience of description, the low
half of a variable is often not mentioned.) The step size h used is always
the length of the interval xf - xi divided by a power of 2. In order to
avoid error build-up in the independent variable two counters, cl and c2,
are kept. cl is always a positive, integral power of 2, and h = (§£ - 51)/3&.
c2 is the number of steps necessary to step fram the present value of x to xf
using the current step size h. Initially, gg = cl; as each step is taken
c2 is decremented by one and the present value of x is computed by
Xx =xf -hec2. Ifhis hélved, cl and c2 are doubled; if h is doubled,
cl and c2 are halved. Hence c2 need not be integral.

The error vectors é; and é}, like 52 have n components. (Although the
hase of the arrays y, yl, ea, and er is zero, the n components are placed
in positions 1, 2, . . ., n of the arrays.) The procedure's error control
attempts to guarantee that, in integrating from xi to xf, each component of
g'will not be in sbsolute error more than the corresponding component of
é; and will not be in relative error more than the corresponding component
of é}. At each step, the procedure requires that for each i, l<i<n, either
the absolute error in y [i] does not exceed ea [i]/(g}?& or the relative
error in y [i] does not exceed er [i}/(gig).

If p=1and é; = O then the accumulated error in any component of ;
cannot exceed the cprresponding component of é;. If the error is assumed to
accumulate randomly as the square root of the number of steps, p = 1/2 and
é} = 0 will cause the accumulated error in any component of ; to be

approximgtely the corresponding component of ea.
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If p=1and é; = 0 then the accumulated error in any component of ;
cannot exceed the corresponding component of é; times the largest value
assumed by that component of ; during the integration. If the error is
assumed to accumulate randomly as the square root of the number of steps,
P = 1/2 and é; = 0 will cause the accumulated error in any component of ;
to be approximastely the corresponding component of é} times some average
value assumed by that component of ; during the integration.

The procedure f which computes F=F (x,¥) has the following declaration:

procedure £ (n, x, x1, yv, yvl, fv, fvl);

value n;

integer n;

real x, xl;

real array yv, yvi, fv, fvl [0];

The parameters of the procedure f are defined as follows:

-

n - the number of dependent variables in the vectors ; and f

X - the value of the independent variable

yv, yvl - the arrays in which the high and low halves, respectively,
of ; are stored

fv, fvl - the array in which the high and low halves, respectively, of F
are stored after computation.

The procedure start is the double-precision general multistep method
starting procedure described in paragraph E of this chapter. The procedure
dshanks is the double-precision Runge-Kutta-~-Shanks integration procedure

described in paragraph D of this chapter. The coefficient arrays rkscoeff

and rkscoeffl contain the high and low halves, respectively, of the Runge-
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Kutta-Shanks coefficlents in the order required by the procedures start
and dshanks. The number of function evaluations rksfn is required by both

start and dshanks; the order rksorder is required by dshanks.

The array cowellcoeff contains the high halves of the coefficients of
(1-2), (1-3), and (1-4) in the order Pgs Pps oo v o Pq, Cor Cqs = 0 o Cq,
MO’ Ml’ o o ey Md. PO is in the zero position of the array. The array

cowellcoeffl contains the low halves in the same order.

The suggested initial step size dx is optional. The procedure first
sets ¢l = 2 and doubles cl until ¢l >q. If dx = O or dx # O and
h <} dx |then cl is left alone. Otherwise, cl is doubled until h <} dx{ .

The integration now begins.

fO = f(xo) yo)

is computed. The start procedure 1s cglled to obtain

‘—>\q —3 -
1fi 121 2 Yo yq and xq .

cl and gg_are adjusted 1f h was changed by the start procedure. c2 is
decremented by g since g steps took place in the start procedure. If c2 < m,

closing takes place. Otherwise,

1
f‘m-l/2

is calculated from

AR
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and 5; using the mid-range formula (1-4). m applications of (1-5) yield

_l—'
Ay

and n is set equal to g.

For 1 < i <m the following set of steps takes place. ¢2 is decremented

by 1, and Xn+i is calculated.

...l—o
& Thri-1/2
is calculated from
_l--)
& fpyi-1-1/2
and £ ., . using (1-5). Y,y 1s calcuated using the predictor (1-2), and
T . 1s calculated. ,§ ., is next calculated using the corrector (1-3), and
n+i n+i
f£+i is again calculated. Iet ¥ be the vector which is the absolute value of

the difference between the last two calculated values of §;+i' Each component
of ¥ is compared with the corresponding component of é;/(lo . E}? ) for
absolute error and with the product of the corresponding components of

é;/(lo '322) and the last calculated value of §;+i for relative error.

If any component of ; exceeds in both the absolute and the relative error

tests, the steps which calculate §;+i using the corrector (1-3), calcuate

§ﬁ+i from the value of §£+i’ and which test the last two calculated values
of ; are repeated. When each component of ¥ does not exceed in either

n+i

the absolute or the relative error test, the last values of §;+i and §£+i

are retained.
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The mid-range formula (1-4) is now used to calculate a new value of

yn from
i':—t;) m
VortS 1=-m
and
=1
8 fn—l/2 :

Tet v be the vector which is the absolute value of the differences between the
new value of §£ and the previously calculated value of ;ﬁ. If sufficient
history is available for doubling the step size, i. e., n > g + m, each
component of ; is compared with the corresponding component of
é;/(lo . E}?-e 2q+3) for absolute error and with the product of the
corresponding components of é}/(lO . EEB . 2q+3> and the new value of §;
for relative error.

If each component of ; does not exceed in either the absolute or the

relative error tests, the last m steps are accepted, cl and c2 are halved,

and the step size is doubled. If c2 < m, cloéing takes place. Otherwise

23 q
il 10
becomes

l'_-’ q
1?n-m+2i i=0 ,

—

_b , — —)_b —_ ) R .
Vo ec?mes yn-m’ yq ecomes yn+m’ xq becomes Xn+m’ and, as if the starting

procedure had calculated these values, control returns to the step where

-le
Ry

is calculated using the mid-range formula (1-4).
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If any component of ¥ exceeds in both the absolute and the relative
error tests, this component and each untested component is compared with the
corresponding component of é;/(lo . g;;) for absolute error and with the
product of the corresponding components of é}/(lO J g}?) and the new value
of 5; for relative error. If each component of v does not exceed in either
the absolute or the relative error test, the last m steps are accepted and
the step size remains unchanged. If ¢2 <m, closing takes place. Otherwise,

n becomes n + m and control returns to the steps which calculate

-

—

S
Woral 121 .

If any component of ¥ exceeds in both the absolute and the relative error tests,

the last m steps are rejected, c2 is incremented by m, cl and c2 are doubled,

—

and the step size is halved. fo becomes fn’ Yo becomes yﬁ, xo

control is returned to the step which calls the start procedure.

becomes X and

If sufficient history is not available for doubling, control transfers
as 1f the first component of ; exceeded both the first component of
é;/(lo . g}? . 2q+3) and the product of the first components of
é;/(lo . 9&2 . EQ+3) with the first component of the new value of §n'

Closing takes place whenever m steps at the present step size would carry
the integration beyond xf, i. e., whenever c2 > O, the Runge-Kutta-Shanks
procedure is used to integrate from the present value of x to xf; if
c2 = 0, the present value of x is xf. In either case, the integration is
now complete.

Several efficlency measures are employed in the program. First, the
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coefficients

1q
{?j 3=0 7

L aq
3 50
and
, a
M.r %
{ JJ §=0
are multiplied by the step size h and stored as multiplied until the step
size changes. Second, the vectors ea/(10 - 9}2), er/(10 ° g}g),
ea/(10 ° c_l-:Ez . 2q+3), and er/(10 * c_ZL-Iz . 2q+3) are calculated from ea and
er and stored as calculated until the step size changes. Third, the
corrector partial sum
4
ns~1F + h§; c T
n-1/2 33
J=1
is computed and stored at each step; successive applications of the

corrector only require adding h « C . f; to obtain §£. Fourth, during

0
applications of the corrector, two arrays are used to store the last two
calculated values of §;; a flag is used to mark the last calculated value
so that the next value is placed in the unflagged array and the flag is
switched. This avoids transfer from array to arrsy as successive corrector
iterates are computed. Fifth, cyclic indexing is used to avold moving the
function value history after each step or set of steps unless doubling

takes place. One unusual condition can result. If, during any step

taken in computing

{ m
Tnti) 121 2

23



the number of times through the corrector exceeds eight, control transfers
as if the set of m steps has been completed and rejected, i.e., a step
size halving was called for with a restart beginning at ;ﬁ.

3. Flow Diagram and Program Listing

Figure 3 is the flow diagram for the Cowell method. The program
listing follows at the end of this section.

L, Results and Conclusions

Numerous results and conclusions applying to the single-precision
version of the procedure were discussed in [21]; these were again borne
out in experiments performed using the double-precision version. Three
significant differences might be noted, however.

First, the accuracy cutoff for the single-precision version occurred
when doubling required relative error estimates of around 10-11. This
cutbff for the double-precision version occurred when doubling required
relative error estimates of around 10—23; this increase in possible
accuracy is exactly the additional accuracy afforded by double-precision.

Secondly, best results in single precision seemed to occur with

4 or g = 6; best results in double precision seemed to occur with

Ne)
]

10 or ¢ = 12, the same as observed in [11].

Ne)
1

Thirdly, the matching of the Runge-Kutta-Shanks starting procedure
to the order ¢ and the asked accuracy vectors é; and é} was more compleX.
The (5,5) Shanks formula seemed best for g = 4,6 and 8 at all accuracies
asked and for g = 10 and 12 at those accuracies obtainable in single
precision. However, for g = 10 and 12 at most accuracies not obtainable

in single precision, the (7, 9) Shanks formula seemed superior. For the
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highest accuracies obtainable in double precision for g = 10 and 12, the
(8, 12) Shanks formula scemed slightly better than the (7, 9) Shanks
formula. For q = 1k at all accuracies requiring double precision, the
v(8, 12) formula appeared best. However, results are not entirely
conclusive because of the lack of sufficiently extensive data.

Results obtained from calculations of the decaying exponential, i.e.,
y/ = =¥, y(0) = 1, show an unusual phenomenon. As increased accuracy is
asked, the step size may not change. Instead, the corrector may be used
two or three times instead of once, and there is a decrease in accuracy
obtained. However, further increases in accuracy asked eventually
produce a decrease in step size, a return to‘only one pass through the
corrector, and an increase in accuracy obtained. This seems to indicate
that a fixed number of times through the corrector, followed by stepesize
control based on the difference between predictor and final corrector,
should be used. (The Cowell procedure uses a variable number of btimes
through the corrector and uses a mid-range formula test for stepesize
control.) Tt should be noted that this phenomenon is not present in
calculations of the restricted three-body orbits; the orbits require
both doubling and halving of step size and the decaying exponential
should only require halving. Moreover, the decaying exponential error
control was relative; the orbit error control was absolute.

Decaying exponential results seem to show a reasonably linear
relationship when function evaluations were plotted on a log-log scale
as a function of error obtained. This must be qualified by two

statements. First, when the limits of the accuracy of the machine
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were reached, the curves turned upward vertically and gave a graphic
exhibit of the limitations of the machine. Secondly, the graphs often
split into two or three branches. The branches were the result of the
different number of times through the correctior, and each branch was

linear up to the accuracy of the machine. This linearity seems to indicate
that there is little build-up of round-off error as the number of steps
(and, correspondingly, the number of function evaluations) increases.
However, the different branches seem to show that additional times

through the corrector do not always produce the same effect as a

halving of step size.

For the restricted three-body orbits, the error obtained was always
as good as the error asked; for the decaying exponential, the error
obtained was rarely as good as the error asked. Moreover, plots of
error asked as a function of error obtained show that for the orbits
the curve is smoothly linear and for the decreasing exponential the curve

is a wild step-like function.
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D. The Runge-~-Kutta~Shanks Method

1. Introduction

The procedure described is a generalization of the Runge-Kutta
method for solving a system of differential equations. It may be applied
to an arbitrary system of first-order differential equations of the form

vy =f (%)

with the initial conditions

y (%) =7,
where y (x) = yl.(X) ¥/ (x) =(/Yi’(xy\
v 5 | . 3
3, (®) v t(x)/
£ (07) = /2 (53« v e ) vy =/3(10\
\“it’n (X,yl, . & 0y yn)/ yno i

4

2. Description of the Method

The Shanks Method is a single~step procedure for finding a numerical
solution of a first-order ordinary differential equation or system of
differential equations in which the Berivatives of the dependent variables
may be expressed explicitly as functions of the independent and dependent
variables.

Consider the system of differential egquation

— — —
vy =1 (xy) .
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Suppose the value of ¥ (x) is known. The value y (x + h) is approximated by

m
y(+h)=y(x)+h I v, £, (x,h,y) ,
i=1 * :

where

fl (x:h:Y) =T (XJY) p)

— i-1 -
£ (x,h,y) = £ (x + oyhy ¥+ hj§1 Bijfj),i =2, 4« o oy Me

The coefficients o i=2, ... m),

Bij (i = 2, e+ oy I j = l, s e ey i"l), and Yi(i = l, e o ey m)

are chosen so as to make the approximation correct to some order. A

special case of the Shanks formula is the fourth-order Runge-Kutta formula:
o, = 1/2, o = 1/2, o, =1,
Bpy = 1/2) B3y = 05 Byp = 1/2, By = Bp =0, By = 1y
Y1 T 1/6, Yo = 1/3, Y3 1/3, Yy T 1/6.

For useful values of the various combinations of o, B, and v, see Shanks L 1.

3. The Computer Procedure

The procedure was programmed for the B-5500 computer in the B-5500
Algol language. Double~precision arithmetic (22 decimal digits) was
used. This is a double~precision version of the single-precision procedure

described in the previous report [21].
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3.1 Error Estimates and Step Size Control

In this procedure a single set of Shanks formulas is used.
Suppose a vector y (x) is known. Then the Shanks method is applied to
one step of size h (where h = 35 s AX is the length of the interval, and

c is a power of two), and to two steps of size h , as follows:

5

— -~ m - -
yp =Yy (X> + h.Z 'Yifi(x:h:Y):

i=1

m
v, =¥ (x) + 5 yifi(x,-e-;:f)

i=1
- = % = hh o

= = f haZy,

Vo =9y T3 131 v, T (2 + 557,

yék-ypkl

Both 5? and §; are estimates of y(x+h). An error estimate By, =
is calculated for each independent variable Vie® If both Ek > Eak and
‘ b
c
Ek > Erktyckl for any dependent variable where Eak is an absolute error

P
Q-
estimate, Erk is a relative error estimate, and p 1s an input parameter,

then the step is rejected and the step size is halved; otherwise the step

is accepted and ;; is taken as the vector y.(x+h). If for every dependent

E E 1Y
N . < “ak < “rkl’ck .
variable, either Ek -2 343 S or Ek - > 343 Cp , Where j is the order,

then the step size is doubled. If the step size h is larger than the
distance to the end of the interval, then that distance is taken as

the step size.

3.2 Tnput and Output of the Procedure

The procedure 1s called as follows:

DSHANKS (N, XI, XIL, XF, XFL, YV, YVL, F, M, ORDER, CF, CFL, F, EA, ER, DX);

T1



where the parameters have the following meaning:

N - number of dependent variables;

XI -~ high part of the initial value of the independent variable;

XIL - low part of the initial value of the independent variable;

XF - high part of the final value of the independent variable;

XFL - low part of the final value of the independent variable;

YV - array of the high parts of the initial values of the dependeﬂt
variables, based gt zero but with the zero element not used;

XVL - array of the low parts of the initial values of the dependent

variables;

F - a function evaluation procedure, supplied by the user, called as follows:
F (N, X, XL, YV, YVL, FV, FVL);
where N is the number of dependent variables, X is the high part of the
value of the indépendent variable, XL is the low part of the value of
the independent variable, YV is the array of the high parts of the
values of the dependent variables, YVL is the array of the low parts
of the values of the dependent variables, ¥V is the array in which
the high parts of the function values are placed, and FVL is the array
in which the low parts of the function values are placed;

M - the number of function evaluastions in each application of the Runge-
Kutta-Shanks method;

ORDER ~ the order of the Shanks formulas used;

CF - the array of the high parts of the Runge-Kutta-Shanks coefficients,

starting in the zero element arranged as follows: for each i, the

corresponding aiBij‘s, followed by o with the Xi's at the end;

T2



CFL - the array of the low parts of the Runge-Kutta-Shanks coefficients;

P - an exponent used in step size control;

EA - an array of absolute errors asked;

ER - an array of relative errors asked;

DX - a recommended starting step size (the actual starting step size
will be the largest binary fraction of the total interval which
is not larger than IX);

The high and low parts of the final values of the dependent variables are

stored in YV and YVIL, respectively, before exiting the procedure.

4. Flow Diagram and Program Listing

Figure 4 is the flow dlagram for the Runge-Kutta-Shanks procedure.

A listing of the program is given at the end of this section.

5. Results and Conclusions

The Runge~Kutta-Shanks double-precision procedure was first used
with the three-body problem and the input parameter p = 1/2, controlling
on absolute and relative error simultaneously.

At first, the error estimate E, described in paragraph 3.1 above was

k

computed as

E = chk B ypk

t
!

k
zmda'-l

as had been done in single-precision experiments [21]. However, it was
found that for some orders the accuracy asked was not achieved. It was

then decided to change the error estimate to
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E =
k

Jek ~ ypkl .

In this case, the accuracy asked was consistently achieved, and for some
orders (6-6, T-9, 8-10, 8-12) the accuracy obtained was consistently
better than that asked. It was found that for the three-body problem
the most accurate formulas were the 6-6 and 8-10, with the 7-9 and 8-12
slightly less accurate, and the 4-4, 5-5, and 7-7 achieving only the
accuracy asked. The 8-12 formuls was faster, the T7-9 and 8-10 almost as
fast, the 5-5, 6-6, and 7-7 considerably slower, and the 4-L extremely
slow. This indicates that the classical Runge-Kutta k-4 formula is not
sultable for double precision. It is recommended that only the T-9,
8-10, and 8-12 formulas be used in double-precision for the three-body
problem.

The proéedure was then used with the differential equation y ‘= -y
(i.e., the equation for the negative exponential), using the input
parameters p = 0, p = 1/2, and p = 1, controlling on absolute and relative
error separately.

Controlling on absolute error, the procedure always achieved at least
an order of magnitude more accuracy than was asked, even with p = O.
Controlling on relative error, the L-4, 5-5, and 7-7 formulas sometimes
failed to achieve the accuracy asked with p = O and occasionally with
p = 1/2. In most cases the 7-7 was fastest for low accuracies and the
8-10 for high accuracies. Again the L-4 was slowest. For the higher
accuracies the 5-5 was also very slow. It is recommended that for double

precision the 4-4 and 5-5 formulas be excluded from consideration. The

>



6-6 might also be excluded, since it rarely was faster than the higher-
order formulas.

For high accuracies, it appears that, in general, the higher the
order, the more suitable a set of formulas is, although this is not an
absolute rule. Between formulas of the same order, sometimes one
might be more suitable and sometimes the other. For instance, the 8-10
was faster for the negative exponentisl case and the 8-12 for the
three-body problem.

Further work remains to be done in this area. A wider range of
problems might be considered for experimentation with the procedure.

If a higher-order set of formulas is avallable, it might be used. A
procedure which selected an order, or which selects single or double
precision according to the accuracy asked, might be developed. Further
experimentation in step-size control, including the possibility of

continuous step-size control, might be considered.
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E. The General Multistep Method Starting Procedure

1l. Introduction

The general multistep method starting procedure is a B-5500 ALGOL
double-precision Runge-Kutta-Shanks procedure used for obtaining stasrting
values for the Adams, Butcher, and Cowell multistep methods. The declars-
tion is as follows:

integer procedure start (n, xi, xil, xf, xfl, cl, ea, er, f, m, X,
x1, yiv, yivl, yh, yhl, fh, fhl, yfv,
yivl, cyi, cym, pa, p, fneval, rksconst,
rksconstl);

value n, xi, xil, xf, xfl, cl, m, cyi, cym, pa, D, fneval;

integer n, cl, m, cyl, cym, pa, fneval;

real xi, xil, xf, xfl, x, x1, p;

real array ea, er, yiv, yivl, yfv, yfvl, rksconst, rksconstl [0],

yh, yhl, fh, fhl [0,0];

procedure f;

2. Description of the Procedure

The parameters of the procedure are defined as follows:
n - the number of dependent variables
xi, xil - the high and low halves, respectively, of the starting
value of the independent variable x passed to the multistep method
xf, xfl - the high and low halves, respectively, of the final value
of the independent variable x passed to the multistep method

¢l - the integer counter (xf - xi)/h from the multistep method
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ea ~ the absolute error vector passed to the multistep method

0]

er - the relative error vector passed to the multistep method

- the procedure which computes ?(x,?) =y

1+

I8

- the number of history points to be calculated by start

X, x1 - the high and low halves, respectively, of the value of the
independent variable at which start begins its integration

yiv, yivl - the arrays which contain on entry for Adams and Cowell
the high and low halves, respectively, of the values of the dependent
variables at x and which contains on exit for Cowell the high and low
halves, respectively, of the values of the dependent variables at the
mth point calculated by start

yh, yhl - the arrays which contain on entry for Butcher in row cyi
the high and low halves, respectively, of the values of the dependent
variables at x and which contain on exit for Butcher the high and low
halves, respectively, of the values of the dependent variables at each
of the m points calculated by start

fh, fhl - the arrays which contain on entry in row cyi the high and
low halves, respectively, of the function walues at X and which contain
on exit the high and low halves, respectively, of the function values at
each of the m points calcuated by start

yfv, yfvl - the arrays which contain on exit the high and low halves,
respectively, of the values of the dependent variables at the mth point
calcuated by start for Adams or the Q/Eth point calculated by start

for Cowell
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cyi - the cyclic index indentifying on entry the row of yh and yhl
in which the values of the dependent variables at x are stored for
Butcher and the row of fh and fhl in which the function values at x are
stored for any method

cym - the number of rows in the arrays yh, yhl, fh, and fhl

pa - the parameter which is zero for Adams, one for Cowell, two for
Butcher

P - the exponent such that the absolute error at each step is not to
exceed gg/gl? and the relative error at each step is not to exceed gg/g;?

fneval - the number of function evaluations required by the Runge-
Kutta-Shanks procedure

rksconst, rksconstl - the arrays which contain the high and low halves,

respectively, of the Runge-Kutta-Shanks coefficients in the same order as
required by the procedure dshanks described in section D.

The value of start on exit is two to the power of the number of
halvings which took place within start.

Although the base of the arrays ea, er, yiv, yivl, yfv, and yfvl

and of the rows of yh, yhl, fh, and fhl is zero, the n components are
placed in positions 1, 2, « . ., n and the zero position is unused.

The procedure attempts to calculate m (if m is even and positive) or
m + 1 (if m is 0odd) Runge-Kutta-Shanks steps of size h = (xf -xi)/cl.
After each even step of size h is taken, one step of size 2h is taken
over the interval spanned by the two steps of size h. The absolute value
of the differences in each dependent variable between the 2h-step and the

second h-step 1s compared with the corresponding component of ea/(_c__]_./2)2
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for absolute error and with the product of the corresponding component of
E?/(E;/E)B and the corresponding dependent variable value from the second
h-step for relative error. If each component of the difference does not
exceed in either the absolute or the relative error test and m steps have
not yet been taken, the process of two h-steps, one 2h-step, and test is
continued. If any component of the difference exceeds in both the absolute
and the relative error tests, cl is doubled, h is halved, and integration
begins at x. The first step of previous size h was saved and becomes the
first step of present size 2h.

The m calculsted function values from h-steps are placed in rows
(cyi + 1) mod cym, (cyi + 2) mod cym, . . ., (cyi + m) mod cym of the
array fh. For Butcher, the corresponding dependent variable values from
h-steps are placed in the corresponding rows of the array yh; if m is odd,
the values of the dependent variable after h-step m + 1 are placed in row
<SZE +m o+ 1) mod cym of yh. For Adams, the dependent variable values
from h-step m are placed in the array ZEZ' For Cowell, the dependent
variable values from h-step m are placed in the array Ziz and from
h-step E/2 (E is always even for Cowell) are placed in ZEZ' It m is

zero, no calculation takes place.

3. Flow Diagram and Program Idisting

Figure 5 is the flow diagram for the starting procedure. The

program listing follows at the end of this section.
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ITT. THE EXECUTIVE PROCEDURE

A. Introduction

The executive procedure acts in an administrative and supervisory
capacity. It does the bookkeeping and makes the decisions as to which
methods are to be used, bubt does none of the actual integration. The
executive procedure uses as subprocedures five basic integration routines;
these are:

a) The Adams-Bashforth-Moulton routine,

b) The Stetter-Gragg-Butcher routine,

¢) The Cowell constant Nth order difference routine,

d) The Runge-Kutta-Shanks routine,

e) The start and restart routine

| (containing a separate Runge-Kutta-Shanks routine).

These five basic routines do the actual integration. A description of the
single-precision subroutines is contained in [23] and will not be repeated
here. Each of the double-precision routines is described in Chapter II of
this report.

The executive procedure works in the folloﬁing way. When a call is made
in the procedure to integrate from point a to the point b, this interval is
divided into eighths. The first eighth of the interval is integrated by one
method for each of two different orders, and the time taken by each recorded.
The second eighth is integrated by another method, also for two different
orders, and the times recorded. The winners then compete against each other

over the next fourth of the interval. That is, the faster order of the first
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method and the faster order of the second method are both used to integrate
the second fourth of the interval, and the time taken by each recorded. The
faster method of these two is then presumably the best (fastest) of the four
tried, and it is used alone to integrate over the last half of the interval.
All of the times measured above are then logged in the cumulative history
file of the appropriate problem type with the winners and losers noted.

This file then is used as the basis of selecting which methods and orders
are chosen each time, in such a way that the past performance of the
different methods and orders influences the choice of which are allowed

to compete.

B. The Selection Process

There are four methods available for the integration process, and within
each method there are f5ur orders available. Those for the single-precision
program are as follows:

a) Adams method with orders 5(4), 6(%), 7(4), 8(5),

b) Butcher formulas with orders 5(4), 7(4), 9(4), 9(5),

c) Cowell method with orders 7(5), 9(5), 11(5), 11(4),

d) Shanks formulas with orders L-k, 5-5, 6-7, 7-9.
Each order of each multistep method has an associated Runge-Kutta-Shanks
restart procedure order given in parenthesis after the method order. Details
on these methods are given in [21]. The disk file containing the coefficlents
has several additional orders of each method, but the single=-precision
program is now set to use Jjust those mentioned above.

The methods and orders for the double-preclsion program are
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Adams: 11(7), 12(7), 14(7), 15(7),
Butcher: 7(7), 9(7), 11(7), 13(8),
Cowell: 11(5), 13(7), 15(7), 17(7),
Shanks: 6-7, 7-9, 8-10, 8-12.

The selection process is the following. The first of two methods is
chosen at random from among the three most successful available. The
method showing the best history of success among the remaining methods
1s chosen as the second method, with the cumulative history file being
used to determine the degree of success. Then within each method the same
kind of selection process with respect to orders is used. That is, the
first order is chosen at random, from the three most successful and the
second order is chosen on the basis of which of the remaining has been
the most successful (fastest running) order of that method. Thus it is
seen that the past performance of the different methods and orders
influences the choice of which are allowed to compete, such that the
more successful have a higher probabllity of being selected.

In using the time as the sole estimate of performance efficiency, it
is assumed that all orders and methods have satisfactorily met the accuracy
requirements. The accuracy requirements of each method are met by controll-
ing step size and making error estimates at each step. The method of error
estimate is different for the different methods. TIn the Runge-Kutta-Shanks
single step method, the error is estimated by taking two half steps and
then a whole step. In the Adams and Butcher methods the difference between
predictor and corrector is used. In the Cowell method a mid-range formula

is used.

101



C. Organization of the History File

The history of the effectiveness of each method is recorded in a disk
file with a separate history associated with each problem type. Problems
are classified into twelve types based on three classifications.

The first classification is according to time taken for a function
evaluation. .This time is either long or short compared to the estimated
time taken to evaluate the sums of products for a typical method; there
are two divisions in this category.

The second classification is according to number of dependent
variables; there are two divisions in this category. If the number of
variables in the differential equations to be integrated is six or less,
this is considered a "small" number of variables. If there are more than
six variables, this is considered a "large" number of variables. This
division is more or less arbitrary and could be changed easily.

The third classification is according to accuracy. There are three

3 1073

1k

2

error ranges. For the singlewprecision program these are > 10~

8

- - - -8 -
to 10 6, < 10 6; for double precision these are > 10 ~, 10 = to 10

1k
< 10

. These correspond roughly to low, medium and high accuracies for
the corresponding precision.

The two time division, two number of variable divisions, and three
accuracy divisions form the twelve types. A complete and separate history
file is kept for each of the problem types.

The histories are recorded in the following manner. Assoclated with
each order of each method are two numbers. The first (a positive number)

records the time associated with trials in which this order was the winner.

The second (a negative number) records the time associated with trials
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in which it was the loser. The sum of these two numbers is taken as the
"score" or performance number and will be greater if the order of this
method has been a consistent winner and will be less (more negative) if
it has been a consistent loser.

Associated with each method then is a method score analogous to the
order scores Jjust described. That is, each method has one positive and one
negative number recording the time spent winning and losing respectively.
In addition to this, a history is also kept of which methods the wins énd
losses were against, but this part of the history is not used in selecting
competitors.

The history file can be printed and punched by the program called
WRITE HISTORY FILE. (This program is described in Chapter IV paragraph
C.) In describing the output of this program, use will be made of an
abbreviated notation. A stands for Adams method, B for Butcher, C for
Cowell, and S for Shanks formulas. A number given following the letter
designates the order of that method where 1 stands for the lowest order
available, 2 for the next lowest, etc. Thus A3 stands for the second
highest order Adams method. A sign following the letter or number
designates winning time or losing time for this method-order. For
example, B2+ designates winning time for Butcher's method, second
lowest order; ¢ designates losing time for Cowell's method; ete,
Finally, if a letter follows the sign in parenthesis, this designates
which method the win or loss was against; thus B+(A) designates winning
time by Butcher against Adams. With this notation the organization of

the history file is as follows:
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The first three items (printed on the first line of the output of the
history file) are not times but other bookkeeping items. The first number
gives the date (in the form year, day) that this particular history file
was initiaglized or last updated. The second number gives the total number
of times the procedure has been called (using this particular history file).
The third number gives the present value of the random number used in
generating the random aumber sequence.

Following these three numbers come the cumulative times the various
methods spent winning and losing. These are organized in a 9 row, 8 column
matrix. The first 4 rows give wins and losses of the various orders within
each method; that is, the results of the competitive trials over the 1/8
sections of the range of integration. Table I gives this organization in
terms of the notation described above.

Following this is a row giving cumulative winning and losing times by
methods; that is, the results of the trials over the 1/4 sections of the

range of integration. This row is organized:

The last four rows give a more detailed bregkdown of the line above, giving
the method against which the winning and losing times were made. It is
organized as the Table IT. It is noted here that entries of the form
A+(A), B_(B),C+KG),etcg‘will all be zero, since methods do not compete

against themselves.
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TABLE I

ORGANIZATION OF CUMULATIVE WINNING
AND TOSING TIMES BY METHOD AND ORDER

mt N aot p2” a3t 23"t AL"
B1* BL™ Bo" B2” B3* B3~ BT B~
c1* c1” cet ce” c3™ c3” cut ch”
s1t 81 se* s2” s3* s3” sit sh”

Notation here: A

Adams, B = Butcher, C = Cowell, S = Shanks;

1

lowest order, 2 = second lowest order, etc;

+ stands for win, - stands for loss.

TABIE II

ORGANIZATION OF CUMULATIVE WINNING
ANWD TOSING TIMES BY METHOD VS. METHOD

At(a)  aAT(a) BT BTa) ¢t et sty sT)
Afey AT BTy BT cf®) ¢T®) sT@®) sT(®)
AYe) AT BYe) B() cfe) ¢  sTe)y  sT()

AT(s)  AT(s) Bf(s) B(8) c¢f(s) c¢(s) sTs) sT(s)

Notation here: A = Adams, B = Butcher, C = Cowell, S = Shanks;
+ stands for win, - stands for loss.
A+(S) stands for Adams win against Shanks,

¢ (B) stands for Cowell loss against Bubcher, etc.
Entries of the form AT(A), or ¢7(C) etc., should all be zero since

method does not compete against itself.
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D. Inputs to the Executive Procedure

l. The Single«Precision Program

A call on the single-precision executive procedure would look
like the following:
DIFEQINT (N, XI, XF, Y, F, P, EA, ER, DX)
lere the identifiers in parenthesis are the inputs to the procedure and
represent the following information:
N is the number of equations in the system to be integrated,
XI is the initial value of the independent variable,
XF is the final value of the independent variable,
Y is the initial value of the dependent variable. Y is a
vector (one-dimensional array). At the conclusion of the procedure, Y
is set to the final valués of the dependent variable; that is, Y is also
the output variable.
¥ is the procedure for calculating dy/dx as a function of x and
v. This procedure must be written by the user and describes the system of
differential equations being integrated. It must be written so as to have
four parameters:
a) N, the number of equations,
b) X, the independent variable,
¢) Y, the dependent variable (vector),
d) FV, the vector values of dy/dx at the point x, y.
The first three parameters are input and FV is the output.

P is the error accumulation parameter. This parameter expresses
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the user's opinion as to how the errors are going to accumulate over the
range of integration. ¥For example, if it is expected that the errors will
be random then P would be set to 0.5. If it is expected that the errors
will accumulate linearly then set P+to 1. These are the two most usual
cases but other situations can occur.

EA is the absolute error vector. This vector gives the acceptable
absolute errors in the value of Y final.

ER is the relative error vector. This vector gives the accept-
able relative error in the value of Y final. It is the weaker of the two
conditions EA and ER that is met for each component of the vector Y.

DX is the estimated value of the initial step size. This
estimate need not be especially accurate since the individual methods

will adjust the step size to the appropriate value.

2., The Double~Precision Program

A call on the double~precision procedure would look like the
following:
DIFEQINT (N, XI, IXI, X¥, IXF, Y, 1Y, F, P, EA, ER, DX)
Here the identifiers in the parenthesis are the‘inputs to the procedure
and represent the following information:
N is the number of eguations in the system being integrated.
XI and IXTI are high paft and low part of the double~precision
initial values of the independent varisbles.
XF and IXF are the high and low parts of the final wvalues of

the independent varisble.
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Y and LY are the high and low parts of the initial value of the
dependent variable vector. This is also the output vector.

F is a procedure for calculating dy/dx as a function of x and y.
This procedure must be written by the user and describes the system of
differential equations being integrated. It must be written so as to
have the following parsmeters:

a) N, the number of variables,
b) X and IX, the high and low parts of the independent variables,
c) Y and LY, the high and low parts of the dependent variable
(vector),
d) FV and LFV, the high and low parts of dy/dx at the point
X, Yo
A call on the procedure F would look like F (N, X, IX, Y, LY, FV, ILFV).
The first five parameters are Iinput and the last two are output.

P, EA, ER, and DX are error accumulation parameter, absolute
error vector, relative error vector, and suggested starting step sizes
These parameters are given in single precision only and are identical
to the corresponding parameters in the single precision version (see

pageloT) .

E. Updating of the History File and Forgetting

The times recorded in the history file are cumulative. That is, after
a competition is held, the times taken by the competing methods and orders
are added to (for a win) or subtracted from (for a loss) the appropriate
positions in the history file. Thus, the entries in the history tables

represent an index expressing the cumulative past performance.
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Decisions as to which method or order within a method is considered
to have the best performance history are made on the basis of the sum of
the win and loss entries for that method or order. The method or order
having the maximum value for this sum is oconsidered to have best history
(remembering that the loss entries are negative). One notes that not all
the history file is used in the declision making process; in particular,
those entries in Table II are not used in decision making but are recorded
only to give the user a more detailed account of the competitions.

One further feature is introduced into the learning process and this
is the gradual "forgetting" of events in the more distant past. This is
accomplished by multiplying those history scores used in the decision
making by a factor less than one, Just before the most recent histories
are added. This causes the events in the distant past to have less
influence than those more recent in determining the performance figure of
an order and method. The factor used is 0.98 but it is not known what
would be the optimum factor. Note that the entries in the history file
described in Table IT do not involve forgetting. Since these entries
are not used in any decision making process but .only tabulated for the
user's interest, forgetting would serve no practical purpose here. The
entries in Table II thus represent a total or unattenuated history of the

competition between the various methods.

¥, Reading of Coefficients and History Files

Also needed as input to the executive routine are the tables of

coefficients associated with the various methods and the past performance
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history files. The coefficients are read in by the pr - ‘ure the first
time the procedure 1is called and a flag set to indicate that these have
been read in once; they are stored in an array declared WN and need not
be read in again during the operation of the program.

The coefficients are stored on a disk file called "TAPES831". It
contains the following coefficients:

a) Adams' method, orders 4 through 19,

b) Butcher's formulas, orders 3, 5, 7, 9, 11, 13,

c) Cowell's method, orders 7, 9, 11, 13, 15, 17, 19,

d) Shanks formulas, orders 4(4), 5(5), 6(7), 7(7),7(9), -8(10), 8(12).
Only four orders of each method are actually used in each Pprogram.

The histories for the singdle-precision program are stored in a disk
file called "REMOTE" "AS31S*¥', and those of the doubleeprecision program
are stored in a file called "REMOTE" "A831%¥D" . Each time the executive
procedure is called the history associated with the appropriate problenm

type is read in from the disk.

G. Outputs of the Executive Procedure

The executive procedure returns the fingl value of the dependent
variable as its principal outpub. This is returned through the same
variable, the vector Y (or Y and LY in double) described in inputs to
the procedure, paragraph D of thls chapter.

There are several other types of output that are printed. Printed
in the file called "HISTORY" is a pair of numbers giving the method and

order that is about to be used and the times for each order and method
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after the comparisons have been made. This information is printed in a
two digit code, the first digit representing the method and the second
(if present) indicating the order. The method code is:

O represents Adams,

1 represents Butcher,

2 represents Cowell,

3 represents Shanks.
The order code is such that O represents the lowest order, 1 represents the
next lowest order, etc,

Also printed in the file "HISTORY" are the results of comparison runs
in which the results (values of the dependent variable) of the two competing
method orders differ by more than twice the allowed errors. Also printed
are the initial and final values of the independent variable, the two
differing values of the dependent variables, and an integer telling which
component of the dependent variable appears to be in error.

Other messages associated with anomolous conditions are also printed
in this file. In particular an integer overflow condition occurs if the
step size collapses. Recovery from step size collapse can usually be
effected, but the message "INTEGER OVERFLON"‘Will be printed in file
"HISTORY" whenever it occurs.

Finally, the procedure outputs the updated performance history by

writing it back into the appropriate file on the disk.

H. Flow Diagram and Program Listing

Figure 6 is the flow diagram for the executive procedure. (The flow

diagrams for the single and double precision are essentiazlly the same ) o
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The program listings for both the single and double-precision version of
the executive procedure follow at the end of this seetion. The listings

of the individual methods and restart programs are given in their "squeezed"
form. The double-precision versions of the individual methods are also
given (unsqueezed) at the end of their respective sections in this report.
The squeezed Adams procedure listed here is not an exact copy of the
unsqueezed version listed at the end of section A, chapter II but is
equivaient to the UEB = FALSE iteration control option described there.

The single-precision individual methods are also given (unsqueezed) in

reference [21].
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IV. AUXILTARY PROGRAMS

There are five auxiliary programs needed to use the integration
procedure. There are several programs for setting up the needed disk

Tiles initially and programs for dumping the history files from the disk.

A. The Coefficient File

The file of the coefficients 1s created by a program called CREATE
COEFFICIENT FILE. This program reads in the coefficients as rational
numbers from cards and writes them in the disk file as doublee~precision
real numbers in a form suitable for use by either the single or doublee
precision programs. The program listing and the coefficients in rational

form are given at the end of this chapter.

B. Setting Up History Files

The history file is created by a program called CREATE HISTORY FIILE.
This program reads in a history file from cards and writes it on the
disk file. There are two such programs, one for the singleeprecision
history file and one for the double precision. The only difference is
that the double<precision file is called "REMOTE" "A831%%D" and the
single precision file is called "REMOTE" "A831g%*", At the end of this
chapter, the singleeprecision program for creating the history file is
listed together with a sample input history. The double-precision
program would be identical except for the disk file declaration which

would be "A831¥¥D" instead of "A831s¥%x",

1k9



C. Printing of History Files

The program called WRITE .HISTORY FILE will print and punch on cards
the history files "A831%%D" or "A8318%¥", which are on disk. The format
on the punched cards is that needed for input by program CREATE HISTORY
FTIIE for creating these files. The program for dumping the single-precision
history file is listed at the end of this chapter. The double-precision
program differs from the single only by using the file name "A831%¥D" for

"AB8315¥%%" in the disk file declaration.
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V. RESULTS AND CONCLUSIONS

A. Applications

Three types of problems were used to exercise this integration
procedure. The first type is the Arenstorf orbits of the restricted
three body problem. The second is the system of linear differential
equations associated with Fourier transforms. The third type is the
system of linear equations obtained from a discretization of the partial
differential equation for the vibrating string. The first of these is
characterized by the necessity of frequent step=size change. The other
two types are characterized by having a large mmber (20 to 100) of

3 18

coupled equations. The accuracy range studied was'lO- to 10 .

B. Resu}EE

The executive routine performed quite satisfactorily. Learning took
place as was desired, the procedure adapting readily to each problem type.

A1l integration methods performed well. TFor a given problem type one
particular method and order usually dominated, but which one proved
superior depended on the problem type. For example, the Runge-Kutta-Shanks
formulas were usually faster for problems where frequent stepesize change
was required and large error tolerances were acceptable, but the multi-
step methods performed better where small error tolerances were required
or where long runs of uniform step size were appropriate. Example
histories for four representative problem types are given in Tables
IIT to VI.

Other results concerning effective use of stepesize and error control, and
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TABIE IIIL

EXAMPIE HISTORY OF COMPETITIONS BETWEEN METHODS

Adams Butcher Cowell Runge-Kutta
Vs W L W W L W L
Adams * * 0 10573 -5036 0 0
Butcher 0 0 * 10017 -6490 0 0
Cowell 388 -1h2oly 5908 -15101 * * 0 }-1083h
Shanks 0 0 0 7138 0 * *

The entries in the table represent net times (in 1/60 sec) spent winning
or losing (+ for win, - for loss) against each opponent. The problem type

represented here is: greater than 6 equations, time for a function evaluation

3

short, and an error tolerance between 10-6 and 10 °. 202 single precision

competitions are represented here.
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TABLE IV

EXAMPLE HISTORY OF COMPETITIONS BETWEEN METHODS

Adams

Butcher Cowell Runge-Kutta
Vs W L W L W L W L
Adams * * 0 6 0 0 10k7 -157
Butcher 0 0 * * 71 0 271 0
Cowell 0 0 0 -560 * * 1005 -46
Shanks k2 | -1478 0 -1490 43 -1576 * *

The entries in the table represent net times (in 1/60 sec) spent winning
and losing (+ for win, - for loss) against each opponent.

type represented here is:

long, and an error tolerance < 10—6.

represented here.

47 single precision competitions are
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TABIE V

EXAMPIE HISTORY OF COMPETITIONS BETWEEN METHODS

Adans Butcher Cowell Runge-Kutta
VS L W L W L W L
Adams * 0 0 263k 0 0 0
Butcher 0 * * 2531 | -1294 0 0
Cowell -3469 1100 -3595 * * 0 -3229
Shanks 0 0 0 1811 0 * *

The entries in the table represent net times (in 1/60 sec) spent winning

and losing (+ for win, - for loss) against each opponent.
type represented here is:

evaluation large, and an error tolerance ~107".

competitions are represented here.
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The problem

6 or less equations, time for a function

30 double precision



TABIE VI

EXAMPLE HISTORY OF COMPETITIONS BEIWEEN METHODS

Adems Butcher Cowell Runge -Kutta
Vs W L W L W L W L
Adams * * 2378 0 0 0 0 0
Butcher | O -3605 * * 738 | -2601 0 -5218
Cowell 0 0 1889 -97h * * 0 0
Shanks 0 0 1652 0 - 0 0 * *

The entries in the table represent net times (in 1/60 sec) spent
winning or losing (+ for win, - for loss) against each opponent. The

problem type represented here is: 6 or less equations, time for a

1k

function evaluation long, and an error tolerance between 10_8 and 10~

19 double precision competitions are represented here.
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tests of accuracies and efficiency as'a function of order for the
individual methods are discussed in Chapter II in the sections describ-

ing that method.

C. Conclusions

The results Jjustify the conclusion that the present programs would
be suitable and effective as a general library programs for integrating
systems of differential equations. It was evident that no particular
method or order is exceptionally superior to all the others. Depending
on the accuracy and the problem, different methods and orders are best.
The executive routine does an effective Jjob of finding a good method and

order for each individual problem type.

D. Recommendations for Further Study
Tmprovements or modifiéations to the present program and additional
tasks that would be fruitful are as follows:

The classification mechanism of the present program ¢ ould be sharpened
and expanded. For example the classification could take into account the
name of the person or organizational element submitting the problem and
keef history files based on this additional information.

Hybrddization of the single and double-precision procedures into
one procedure that allows the program to make the decision about when to
use single and when to use double. (This may be difficult or awkward
with present computer languages.)

Other integratior methods [19] could be added to, or replace some of,

the methods now in use and tests made to evaluate their effectiveness.
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This or a similar program could be converted to other machines
(such as the Univac 1108). The relative efficiency of the methads might
also be machine dependent,and this should be studied. (Since the procedure
is in Algol its conversion to other hardware should be relatively straight-
forward. )

It would be of interest to make this program available to an on-line
system (remote terminal or time sharing system) as an intrinsic procedure
for integrating differential equations and see how effective or useful it
would be in this role.

Finally, it would be of interest to compare the use of this procedure

with other methods of solving boundary value problems and integral

equations.
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